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Abstract 
In distributed systems, we replicate data for the purpose of increasing availability and performance. If any 
application requires serial isolation and have the dominance of write operations can effectively use quorum 
consensus approach. In such a scenario, quorum consensus protocol that uses quorum systems should have smaller 
write quorums and good availability. In order to meet these requirements, we propose new Circular quorum 
systems, more suitable for data replication in write dominant scenario. These proposed quorum systems generalize 
the existing Crumbling-wall and Torus quorum systems. 
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1. Introduction 
State-machine replication1, 2, 3, 4 (SMR) ensures that all replica servers that start with same consistent state will 
remain consistent as long as they apply a set of deterministic update operations in the same order. In addition, all the 
replica servers achieve the same consistent state after finishing a set of transactions. If we require some degree of 
fault tolerance then this approach achieves eventual (or weaker) consistency and is suitable for many of the 
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applications. However, some applications also require stronger consistency, like one-copy-serializability or serial 
isolation5, 6 to read always the latest update (unlike, fault tolerant state machine replication). As an example, 
applying any debit operation on any bank account, application handling this will always require to know the latest 
balance in the account.  Quorum consensus approach7 - 17 of data replication suits well for an environment that 
requires fault tolerance and stronger consistency.    
Quorum consensus approach (non-state-machine replication), requires a subset (quorum) of the total replica 
servers for any read (query) or any write (update) operation.  Under this approach, any read operation reads all the 
copies of a read quorum and selects the latest version. However, a write operation writes all the copies of a write 
quorum with a new increased version number. Moreover, any write quorum intersects with each of the read and 
write quorums. In addition, any read quorum intersects with each of the write quorums.  
Circular quorum consensus protocol17 improves the write availability of the system. As any write (update) 
operation writes on all the non-faulty replica servers of a write quorum such that these replica servers should be in a 
position to construct a read quorum. In addition, any faulty replica server may become active only after updating 
their data by applying read operation. Under this approach, write (update) operation is still possible until an active 
read quorum remains. Quorum consensus approach may tolerate the various types of failures, but here, only crash 
stop and network partitioning failures are taken.  
Alpha and Beta Circular quorum systems17 are suitable for read dominant environment but in this paper, new 
Circular quorum systems are proposed that are very robust in write dominant scenario as these provide very high 
availability, fault tolerance and a reasonable communication cost. These proposed quorum systems generalize the 
existing Crumbling-wall quorum systems13 and Torus quorum systems14. 
 Organization of this paper is as follows: Next section presents the newly proposed Circular quorum systems. 
After that, Section 3 analyzes the proposed circular quorum systems. Section 4 describes the related work. While, 
Section 5 presents a comparative analysis of various quorum systems under an aforementioned write dominant 
scenario. The final section contains a conclusion and future work. 
2. Proposed Circular quorum systems 
In this section, we have presented the γ-circular and δ-circular quorum system as follows:  
Definition 2.1: Circular structure C is a collection of n nodes that are arranged in a circular way. In addition, 
every node has a unique number in a sequence, let us say, one to n. After that, we divide circular structure C into k 
arcs, let’s say, 0 1 1, , , kC C C  sequentially, whereas, size of each arc is 0 1 1, , , kn n n  respectively. Moreover, 
0 1 1kn n n n    and :1 1ii n n k d d   . 
As per the intensity of read/write operations, one can construct a suitable write dominant γ-circular or δ-circular 
quorum system by using circular structure C as given below. 
Definition 2.2: γ-circular quorum system (γ) is a collection of quorums, such that, TS * J , where, S is a set of 
read quorums and T is a set of write quorums. In addition, , : , ,i i ji j s S t T t T     and γ must follow the two 
properties as, 
i js t z  .                                                                        (1) 
i jt t z  .                         (2) 
Moreover, for construction of a write quorum, we choose any arc from k constructed arcs of Circular structure C; 
such that, every node is operational in this chosen arc (say, writing-arc, WC). Furthermore, starting from next to this 
WC, select one node from  ¬ ¼2/k  other arcs sequentially in clockwise direction (we can also choose anticlockwise 
direction but all nodes must follow the same convention either clockwise or anticlockwise at all the time). 
869 Vinit Kumar and Ajay Agarwal /  Procedia Computer Science  46 ( 2015 )  867 – 875 
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Furthermore, for construction of a read quorum, choose one node from each arc, OR consider any write quorum 
as a read quorum, OR have any two writing arcs  ¬ ¼  kkii CC mod2/,   i.e. 
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Fig. 1 An example of γ-circular quorum system with a clockwise convention 
Theorem 1: In γ-circular quorum system, any two write quorums have non-empty intersection. 
Proof:  It is sufficient to prove that i jt t z  . Let, write quorum it  has ith arc as a writing arc, 0 1i kd d  then 
it will use  / 2 1k « »¬ ¼ arcs, starting from i to   / 2 modi k k « »¬ ¼ . If any write quorum jt  has a writing arc j within 
i to   / 2 modi k k « »¬ ¼ then it will intersect with it . Else, writing arc j will lie within 
    / 2 mod 1 modi k k k « »¬ ¼  to  1 modi k k  , and then referring “(3),” write quorum tj will use ith arc, which 
is writing-arc of ti. Therefore, it and jt will intersect each other. 
Hence, in γ-circular quorum system, any two write quorums have non-empty intersection.                            ■ 
Theorem 2: In γ-circular quorum system, any read quorum has non-empty intersection with any write quorum. 
Proof:  It is required to prove that i js t z  . Refer to “(3)” and “(4),” if read quorum constructed by choosing 
one node from each arc then it will intersect with any write quorum because all write quorum have one writing arc. 
If read quorum is constructed by choosing any write quorum, then by Theorem 1, it is clear that it will intersect 
with any other write quorum.  
If read quorum is constructed by choosing two writing arcs for any i, such as,   /2 mod,i i k kC C « »¬ ¼  then any write 
quorum whose writing arc lies between   1 to / 2 modi i k k« »  ¬ ¼ will intersect with writing arc   /2 modi k kC « »¬ ¼ . 
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Moreover, if writing arc of any write quorum lies between   / 2 1 mod  to i k k i« » ¬ ¼ , then it will intersect with 
writing arc Ci. Therefore, any write quorum will intersect with any read quorum. 
Hence, in γ-circular quorum system, any read quorum has non-empty intersection with any write quorum.           ■ 
Theorem 3: Torus quorum system is a special case of γ-circular quorum system. 
Proof: if we assume arcs of γ-circular quorum system as rows of Torus quorum system then as per “(3),” a write 
quorum construction of γ-circular quorum system will have an equivalent construction of a write quorum in Torus 
quorum system. In addition, if we construct a read quorum by choosing a write quorum only, as per “(4),” in such a 
condition, a read quorum of γ-circular quorum system will have an equivalent read quorum in Torus quorum 
systems. 
Hence, Torus quorum system is a special case of γ-circular quorum system.                 ■ 
Definition 2.3: δ-circular quorum system (δ) is a collection of quorums, such that, S TG c c , where S c is a set of 
read quorums and T c is a set of write quorums. In addition, , : , ,i i ji j s S t T t Tc c c c c c     and δ must follow the two 
properties as, 
i js tc c z                                          (5) 
i jt tc c z                      (6) 
Moreover, for construction of a write quorum, we choose the ith arc from Circular structure C; such that, every 
node is operational in this chosen arc (say, writing-arc, WC). Furthermore, starting from next to this WC, we select 
one node from other arcs sequentially up to kth arc in clockwise direction (We can also choose anticlockwise 
direction, but all nodes will follow the same convention either clockwise or anticlockwise at all the time). 
      ^ ` ^ `1| : , : , :i i i j j i kt x i C C i x x C j x x C C C Cc              .                               (7) 
Furthermore, for construction of a read quorum, we can consider any write quorum as a read quorum, OR we 
choose one node from each arc, i.e. 
         ^ `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Fig. 2 An example of δ-circular quorum system 
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Theorem 4: In δ-circular quorum system, any two write quorums have non-empty intersection. 
Proof: To prove that i jt tc c z  , let any write quorum it c has a writing arc k aC  , where, 1 a kd d  and write 
quorum jt c  has a writing arc from 0  to k aC C  . Then, jt c will intersect with it c  because, jt c has at least one node in the 
writing arc of it c  .  Moreover, if write quorum jt c  has a writing arc from 1 to k a kC C   then it cwill intersect with jt c
because, it c has at least one node in the writing arc of jt c . Therefore, for any two write quorums i jt tc c z  . 
Hence, in δ-circular-quorum-system any two write-quorums have non-empty intersection.               ■ 
Theorem 5: In δ-circular-quorum-system, any read quorum has non-empty intersection with any write quorum. 
Proof:  It is required to prove that i js tc c z  .  Any read quorum isc can be constructed via one of the two ways. 
First, as the construction of any write quorum, i.e. i is tc c . In this case, by Theorem 4, we have i jt tc c z  . Therefore, 
by putting i it sc c into i jt tc c z  , then we have i js tc c z  . Second, read quorum isc has one node from each arc. In 
this way, any write quorum will intersect with read quorum. Because, each write quorum has one writing arc that 
will intersect with such isc . 
Hence, in δ-circular quorum system, any read quorum has non-empty intersection with any write quorum.          ■ 
Theorem 6: Crumbling-wall quorum system is a special case of δ-circular quorum system. 
Proof: If we represent the rows of Crumbling-wall quorum system, as arcs of δ-circular quorum system, then as 
per “(7),” write quorum construction of δ-circular quorum system will have an  equivalent construction of a write 
quorum in Crumbling-wall quorum system. In addition, if we construct a read quorum by choosing a write quorum 
only, as per “(8),” in such a condition, a read quorum of δ-circular quorum system will have an equivalent read 
quorum in Crumbling-wall quorum system. 
Hence, Crumbling-wall quorum system is a special case of δ-circular quorum system.                ■ 
3. Analysis of proposed circular quorum systems 
Under this section, we are analyzing the various parameters of the proposed Circular quorum systems, such as 
Quorum size, Fault tolerance, Availability, Read capacity. For this purpose, we are considering here circular quorum 
consensus protocoll7. 
3.1. Analysis of γ-circular quorum system 
x Read-quorum size 
Refer to “(4),” we have, 
Read quorum size =       /2 mod| : | | / 2 | | |i i i k ks s k i s C k C C « »¬ ¼­ ½§ ·° °§ ·« »      ® ¾¨ ¸¨ ¸¬ ¼ © ¹° °© ¹¯ ¿ . 
x Write-quorum size 
Refer to “(3),” we have, 
Write quorum size =     | | / 2 modWC i k k« »  ¬ ¼ . Whereas, | |WC  = total number of nodes in any one arc that 
we say writing arc. 
 
x Fault tolerance 
Fault tolerance = (total number of nodes – smallest read quorum size).  
Smallest read quorum size =     /2 modmin ,| | / 2 , | | | |i i i i k kk C k C C « »¬ ¼
­ ½§ ·« » ® ¾¨ ¸¬ ¼ © ¹¯ ¿ . 
872   Vinit Kumar and Ajay Agarwal /  Procedia Computer Science  46 ( 2015 )  867 – 875 
Hence, Fault tolerance =     /2 modmin ,| | / 2 , | | | |i i i i k kn k C k C C « »¬ ¼
­ ½§ ·« »  ® ¾¨ ¸¬ ¼ © ¹¯ ¿ . 
x Read capacity 
Read capacity = maximum number of disjoint read quorums. 
Refer to “(4),” If we construct the read quorums in γ-circular quorum system using one node from each arc then 
in this case, maximum disjoint read quorums will be  min | |i iC . 
If we choose, any write quorum as a read quorum then in this case, maximum disjoint read quorums will be one 
only.  
If we take any two writing arcs   /2 mod,i i k kC C « »¬ ¼ as read quorum then in this case, maximum disjoint read 
quorums will be  / 2k« »¬ ¼ . 
Hence, Read capacity =    ^ `max 1, / 2 ,min | |i ik C« »¬ ¼ . 
x Availability 
Let p is the probability that a replica server is in a working state to perform an operation. In addition, we represent 
the probability of some X as  P X . Moreover, we represent the availability of the system as  P S . If any read 
quorum exists in the system then system will be available to perform any transaction. 
   at least one operational read quorum existsP S P . 
   | |at least one operational node exists in  arc 1 1 iCthP i p   . 
  | |all nodes are operational in  arc iCthP i p . 
Let, X = each arc have at least one operational node. 
     | |1 1 1 ii k CiP X p     . 
Let, Y = At least one operational write quorum is there. 
      /2 mod | || |1 11 1 * 1 1 jii k j i k k CCi j iP Y p p« »  ¬ ¼  § ·§ ·    ¨ ¸¨ ¸¨ ¸© ¹© ¹  . 
Let, Z = All nodes are operational in any   /2 mod and i i k kC C « »¬ ¼ arcs. 
        /2 mod| |/2 | |11 1 * i k ki Ci k CiP Z p p « »¬ ¼« » ¬ ¼ § ·§ ·  ¨ ¸¨ ¸© ¹© ¹ . 
            1 1 * 1 * 1P S P X P Y P Z     . 
3.2 Analysis of δ-circular quorum system 
x Read-quorum size 
Refer to “(8),” Read quorum size =     ^ `| : | |is s k i s C k i      . 
x Write-quorum size 
Refer to “(7),” Write quorum size =  | |WC k i  . Where, | |WC  = total number of nodes in any one arc that we 
say writing arc. 
x Fault tolerance 
Fault tolerance = (total number of nodes – smallest read quorum size).  
Smallest read quorum size =   ^ `min , | |i ik C k i   . 
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Hence, Fault tolerance =   ^ `min , | |i in k C k i   . 
x Read capacity 
For the construction of a read quorum, we can consider any write quorum as a read quorum, or we choose one 
node from each arc 
Read capacity = maximum number of disjoint read quorums. 
Refer to “(8),” If we construct the read quorums in δ-circular quorum system using one node from each arc then 
in this case, maximum disjoint read quorums will be  min | |i iC . 
If we choose, any write quorum as a read quorum then in this case, maximum disjoint read quorums will be one 
only. 
Hence, Read capacity =  ^ `max 1,min | |i iC . 
x Availability 
Let p is the probability that a replica server is in a working state to perform an operation. In addition, we represent 
the probability of some X as  P X . Moreover, we represent the availability of the system as  P S . If any read 
quorum exists in the system then system will be available to perform any transaction. 
   at least one operational read quorum existsP S P . 
Let, X = each arc have at least one operational node. 
     | |1 1 1 ii k CiP X p     . 
Let, Y = At least one operational write quorum is there. 
    | || || |1 1* 1 1 jji kk CCCi j iP Y p p p  § ·§ ·   ¨ ¸¨ ¸© ¹© ¹¦  . 
        1 1 * 1P S P X P Y    . 
4. Related work 
Under write dominant scenario, it will be quite suitable to have a quorum system with smaller write quorum size. 
We are reviewing some prominent quorum systems in this direction as: FPP quorum systems7 based on finite 
projective planes have the quorum size as O (√n). The size of quorums in these quorum systems is least among fully 
distributed quorum systems but the availability is very low and system load is optimal.  
Tree quorum systems8 logically organize the system nodes into a complete binary tree of height h. We build a 
quorum recursively as either (i) union of the root node and a quorum of any one of the two sub trees or, (ii) union of 
the two quorums, one from each sub tree. System load of these quorum systems is quite very high. Either author has 
presented more versions of tree quorum systems9, 10, 11 but for write dominant scenario aforementioned version may 
provide better write availability. 
Hierarchical quorum systems12 have an n-array tree, where leaves of the tree represent replica sites. A quorum is 
constructed recursively from the root node by obtaining a quorum in a majority of sub-trees.  It has the minimum 
write quorum size as n0.63 nodes. 
Crumbling walls quorum systems13 contain d rows and each row may have any number of nodes, In addition, any 
quorum comprises a full row plus one representative from every row below the full row. Read or Write quorum size 
may be as small as one. 
Torus quorum systems14 logically arrange the nodes in a rectangular grid, such that the last row follows the first 
row in a circular way. Similarly, the last column follows the first column in a circular way. We call such a grid as 
torus. In any torus of h rows, any quorum consists of all the nodes of a row and a representative of each of the ¬ ¼2/h
succeeding rows. 
In any Cyclic quorum systems16, if we have N number of nodes, then  every cyclic quorum Bi, satisfies the 
following three properties (i) iBii  : where, ^ `0,1 1i N  , (ii) , : i ji j B B  zwhere, ^ `, 0,1 1i j N  , 
and (iii) ^ `1 2, modi kB a i a i a i N    , where a1 to ak  all are different integer numbers such that  these numbers 
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belong to ^ `0,1 1N  . Cyclic quorum system is very close to optimal in terms of quorum size among fully 
distributed quorum systems.   
5. Comparative analysis  
Under this section, we are comparing various suitable quorum systems for data replication in the Write dominant 
scenario. Such as FPP quorum system, Crumbling walls quorum system, Cyclic quorum system, Tree quorum 
system and our proposed write dominant γ-circular and δ-circular quorum systems. Write dominant scenario requires 
low write quorum size, high fault tolerance, and high availability. Our proposed Circular quorum systems under 
Circular quorum consensus protocol achieve all these mentioned properties that we are going to examine here. 
Previously proposed quorum consensus protocols require a complete write quorum in order to execute any write 
operation. Likewise, a complete read quorum to execute any read operation. Nevertheless, Circular quorum 
consensus protocol provides significantly high availability and fault tolerance, because, under this protocol any write 
operation is still possible even if a read quorum exists. However, in a non-faulty scenario, proposed protocol requires 
a complete write quorum in order to execute any write operation. Likewise, a complete read quorum to execute any 
read operation. 
In order to examine the availability scenario under low write quorum size, we are considering here a system of 
seven replica sites and desiring a minimum write quorum size as three. Now, we configured all these aforementioned 
suitable protocols along with our proposed protocol using write dominant γ-circular and δ-circular quorum systems. 
For γ-circular and δ-circular quorum systems, we have chosen 1 2 3| | 2,| | 2,| | 3C C C   . Moreover, in a crumbling 
wall first, second and third row contains the two, two and three replica sites respectively. Furthermore, Tree quorum 
system consists a complete a binary tree. 
From Figure 3, it is quite evident that our proposed protocol achieves significantly high read or write availability 
under a given low write quorum size scenario. However, it occurs at the cost of the higher system load. FPP achieves 
the optimal system load, while, cyclic quorum systems also achieve the optimal or near optimal system load. 
Nevertheless, as we know these quorum systems show very poor availability on increasing the system size. 
           
 
Fig. 3 Read or Write availability analysis of various write dominant quorum consensus protocols that have 7 replica sites and minimum write 
quorum size is as low as 3 
Unlike FPP and Cyclic quorum system, proposed δ-circular quorum system can be configured for any minimum 
write quorum size. In addition, it also shows a better availability scenario. 
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6. Conclusion 
In this paper, we have presented efficient γ-circular and δ-circular quorum systems for quorum consensus 
protocols of data replication. Proposed quorum systems are designed for the write dominant scenario of data 
replication that requires serial isolation (or stronger consistency). In a write dominant scenario, it is required that 
one must have a lower write quorum size so that fewer nodes can complete a write operation and thus reduces the 
overall message complexity. Moreover, it is also desirable to have a high fault tolerance and high availability. 
Proposed γ-circular and δ-circular quorum systems under Circular quorum consensus protocol provide significantly 
high level of fault tolerance (because, under this protocol, write operation may complete even if an active read 
quorum exist), lower write quorum size and higher availability. Moreover, unlike few other quorum systems, 
proposed Circular quorum systems are so flexible that these can accommodate any number of nodes and generalize 
the existing Crumbling-wall and Torus quorum systems. 
References 
1. Birman KP. A history of the Virtual Synchrony replication model. In B. Charron-Bost, F. Pedone, and A. Schiper, editors, Replication: theory 
and Practice, volume 5959 of Lecture Notes in Computer Science, Springer-Verlag, 2010; chapter 6, p. 91–120.  
2. Lamport L Paxos made simple. ACM SIGACT News (Distributed Computing Column), 2001; 32(4):18-25. 
3. Schneider F. Implementing fault-tolerant services using the state machine approach: A tutorial. ACM Computing Survey, 1990; 22(4): pp. 
299–319. 
4.  Kumar V, Agarwal A. HT-Paxos: High Throughput State-Machine Replication Protocol for Large Clustered Data Centers. arXiv preprint  
arXiv:1407.1237 (2014). 
5. Bernstein P, Goodman N. The Failure and Recovery Problem for Replicated Databases. In Proceedings of second ACM Symposium on 
Principles of Distributed Computing, Montreal, Quebec, 1983, p. 114-122. 
6. Berenson H, Bernstein P, Gray J, Melton J, O'Neil E, O'Neil P. A critique of ansi sql isolation levels. In Proceedings of the ACM SIGMOD 
international conference on Management of data. SIGMOD '95, New York, NY, USA, ACM ,1995; p. 1-10. 
7.  Maekawa M. A √n algorithm for mutual exclusion in decentralized systems. ACM Trans. Computer Systems, 1985; 3 (2): 145-159. 
8.  D. Agrawal, A. El-Abbadi, An efficient and fault-tolerant solution for distributed mutual exclusion, ACM Trans. Computer Systems, 1991; 9 
(1): 1-20. 
9. Agrawal D, El Abbadi A. The tree quorum protocol: An efficient approach for managing replicated data. In the Proceedings of VLDB, 1990; p. 
243-254. 
10. Agrawal D, El Abbadi A. Efficient techniques for replicated data management. Proc. Workshop on Management of Replicated Data, 1990; p. 
48-52.  
11. Agrawal D, El Abbadi A. The generalized tree quorum protocol: An efficient approach for managing replicated data. ACM Trans. Database 
Syst., 1992; 17(4): 689-717. 
12. Kumar A. Hierarchical quorum consensus, A new algorithm for managing replicated data. IEEE Trans. Computers, 1991; 40 (9): 996-1004. 
13. Peleg D, Wool A. Crumbling walls: a class of practical and efficient quorum systems.  Distributed Computing, 1997; 10 (2): 87-97. 
14. Lang SD, Mao LJ. A Torus Quorum Protocol for Distributed Mutual Exclusion. In Proceedings of the 10th Int'l Conf. on Parallel and 
Distributed Computing and Systems, 1998; p. 635-638. 
15. Kumar V, Agarwal A. Generalized grid quorum consensus for replica control protocol.  In proceedings of IEEE CICN, 2011; pp 395-400. 
16. Lai S, Zhang B, Ravindran B, Cho H. CQS-pair: Cyclic quorum system pair for wakeup scheduling in wireless sensor networks. in OPODIS 
’08: Proceedings of the 12th International Conference on Principles of Distributed Systems, (Berlin, Heidelberg), Springer-Verlag, 2008; pp. 
295–310. 
17. Kumar V, Agarwal A. An Efficient Read Dominant Data Replication Protocol under Serial Isolation using Quorum Consensus    
Approach.  arXiv preprint arXiv:1406.7423 (2014). 
 
